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NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

TECHNICAL NOTE D-1772

STUDY OF INERTIAL NAVIGATION ERRORS DURING REENTRY
TO THE BARTH'S ATMOSPHERE

By Q. Merion Hansen, John S. White,
and Albert Y. K. Pang

SUMMARY

. \ 2
15y 7.2

The navisation errors in position and velocity which result from erroneous
initial conditions and imperfect inertial navigation equipment have been analyzed
for a space vehicle reentering the carth's atmosphere. The analysis has shown
that for realistic errors and reentry conditions a linear error analysis will
usually be valid; that is, the partial derivatives of final position and veloc-
ity with respect to initial conditions and equipment parameters may be treated
as constants. Also, the analysis has demonstrated that these partial deriva-
tives can be used to estimate the final errors which result from using various
combinations of initial condition and equipment errors with the inertial naviga-
tion process started at various times before reentry.

Tt was Tound that when the inertial navigation process ig started Jjust prior
to reentry the final errors resulting from initial condition errors predominate,
but when started well before reentry the final errors resulting from equipment
errors predominate. Initial altitude error is the most significant initial con-
dition error, and accelerometer bilas and gyro drift are the most significant
equipment errors. The final errors due to accelerometer bias may be greatly
reduced by treating the outputs of the accelerometers as zero above the
atmosphere.

INTRODUCTION

If a vekicle reentering the earth's atmosphere is to reach a particular
landing site, it is desirable to have continuous knowledge of position, velocity,
and attitude of the vehicle. To provide this information for a reentry vehicle,
especially one with a pilot, an inertial navigation system is generally consid-
ered essentizl, since continuous radio reception of ground data is very difficult
(if not impossible) and since it is very desirable, from a reliability standpoint,
to have an accurate, self-contained navigation system on board the vehicle.

In any inertial navigation system, navigation errors in instantaneous
position and velocity result from both erroneous initial conditions and imperfect



inertial navigation equipment. These navigation errors during reentry from a
circular orbit into the atmosphere of a spherical, rotating earth were studied in
reference 1. The present study extends the analysis of refercnce 1 to include
partial derivatives. The use of partial derivatives Tor predicting navigation
errors which result from only initial condition errors for nonatmospheric reentry
is fairly common (ref. 2, p. 736, for example). The present report uses partial
derivatives to examine the navigation errors in position and velocity which
result when an inertial navigation system is used during reentry into the atmos-
phere of a spherical rotating earth.

There are two main objectives of this report. The first is to determine the
range of values of initial condition and equipment errors over which a linear
error analysis is valid, that is, to determine the range over which partial deriv-
atives of final position and velocity with respect to initial conditions and
equipment parameters remain constant. The second obJjective is to demonstrate
within the linear range the use of these partial derivatives for estimating the
final errors which result from using verious combinations of initial condition
and equipment errors with the inertial navigation system "startcd" at various
times before reentry.l

In this study, a lunar trajectory is used as an example; however, it will be
shown that a linear analysis should be valid for any realistic errors and reentry
conditions. PFurthermore, the same error relationships should exist between +the
relative effects of initial condition and equipment crrors upon the final errors
for any realistic errors and reentry conditions.

NOTATTON
A reference area for aerodynamic force coefficients, km®
a semimajor axis of an ellipse, knm
Cp drag coefficient
Cph vehicle constant relating drag per unit mess to airspeed and air density,
n 4. 1x107° ki ke
D aerodynemic drag per unit mass, km/sec2
I eccentric anomaly of an ellipse, radians
e eccentricity of an ellipse
f acceleration, or nongravitational force per unit mess, km/sec?

1In this report the inertial navigation system 1s considered to be "started"
when the last set of initial conditions is put into the system, that is, when the
system is updated for the last time prior to reentry.
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Va

A

;%5, gravitational attraction of earth per unit mass at carth's surfacc,
G 7985U7Xx10™° km/sec?

angular momentum per unit mass, ka/sec

altitude above mean sea level, km

aerodynamic lift per unit mass, km/soc2

total mass of vehicle, kg

radial distance to vehicle from center of earth, km

radius of the earth, us78.1L km

radius of perigee of an elliptical orbit, km

accelercmeter scale factor uncertainty, g/g

accelerometer scale factor, g/g

time, measured positive after start time, min

time for a vehicle to travel from r to r, on an ellipse, min

time after reentry, measured positive after reentry at h = 121.92 kn
or 400,000 ft, min

accelerometer bilas, g
velocity of wvehicle in inertial space, km/sec
velocity of vehicle relative to the air mass, km/sec

inertial flight-path angle, angle from true horizontal to V, positive up,
radians

flight-path angle, angle from true horizontal to Va, positive up,
radians

range angle, angle between r for h = 121.92 km and instantancous r,
positive from west to east, radians

accelerometer misalinement angle, angle between inertial reference axes
and accelerometer axes, radians

angular rate of earth's rotation, 7.29211x107° radian/secc
gravitational constant for earth, 3,980135%10° km®/sec?

atmosphere density, kg/kmS )



Subscripts

¢l instantaneous error, found by subtracting actual value from
indicated value

f final value, at time final altitude of 30 km is reached
i indicated value, given by inertial navigation system
o] start value, when initial conditions are put into system
R value at rcentry, where h = 121.92 km
x,z, etc. value zlong the x, z, etc., axis
() vector
() time derivative
Matrices
[F] final error matrix
[P] partial derivative matrix
[3] initial, or start, error matrix

Two-Dimensional Coordinates

il earth-centered, polar

X,Z vehicle-centered, actual horizontal and vertical

Xgs2g accelerometer axes, which differ from inertial axes because of
misalinement

Xi,24 vehicle-centered, indicated horizontal and vertical

X1,27 inertial reference axes, which are horizontal and vertical at start
time

PROCEDURE
General Method

The general method used to study the navigation errors that result from the
inaccuracies of an inertial navigation system used during reentry was to solve
concurrently equations for the actual motion and for the indicated motion of the
vehicle. Typical actual and indicated trajectories are shown in polar
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coordinates in sketch (a), where the separation between the actual and indicated
trajectories has been exaggerated for illustrative purposes. The indicated
motion, given by the inertial navigation system, differs from the actual motion
because of inaccurate knowledge of initial position and velocity and also because
of imperfect inertial navigation eguipment. The equations were solved with an
IBM 7090 computer, and thc instantaneous errors were computed after each integra-
tion step by subtracting the actual values of position and velocity from the
indicated values. The final errors were taken as the errors in position and
velocity at a time corresponding to an actual final altitude of 30 km. This
final altitude was chosen because ground-based radio contact may easily be made
at this altitude, and also because it is antilcipated that a parachute or other
landing device will be used at or near this altitude.

Starting point

/
. Y .
Indma?ed,y 8y =9°°+gu'

Actuol,Z

— ; )
Final 0it=30 km f Note: O and 93 arec neg-
' ative until reentry at

h = 121.92 km.

Force components represented in inertial,
accelerometer, indicated, and actual
coordinate systems.

Sketeh (a)
The instantaneous errors in altitude and range angle, he and Jde, respec-

tively, are illustrated in sketch (a). Of primary interest in this report are
the final errors listed below.

Final Errors
her Altitude error
Jef Range angle error
her  Altitude rate error
éef Range angle rate error



The final errors were assumed to result from the following initial condition and
cquipment crrors.

Initial Condition Brrors

he Altitude error

) Range angle error
Altitude rate error
Range angle rate crror

-

e tted
o 0
O O O ¢

[

Bguipment Errors
Accelerometer misalinement angle

)

A ao

la Gyro driit rate
UxrsJzg Accelerometer bluses

ASxg,N3z,,  Accelerometer scale factor uncertainties

The initial condition errors cxist because of inaccurate knowledre of position
and velocity. Ior the cquipment errors accelerometer misalincment angle repre-
sents the initial misalinement of the accelerometers relative to their reference
directions in inertial space. Gyro drift rate produces further acceleromcter
misanlincuent and accelerometer biasges and accelerometer scale factor ancertain-
ties cause the accelerometer output values to differ from their input values.

For simplicity thc vehicle motion was restricted to the cast dircetion in
the equatorial plane of a spherical earth with a rotating atmosvherc. Crossrange
motion and crossrange errors were not considered for scveral reasons: Tirst,
reentry srajectorics arce nearly planar; second, errors in crossrange arc largely
functions of the particular schemc of crossrange control used; and third, for a
nearly plancr trajectory, crossrange errors arc stablc and also independent of
altitude and downrange errors. Hence, the results of the analysis for errors in
altitude and downrange are unaffected by the ebsence of crossrange motion.

Also for simplicity the inertial reference coordinates shown in sketch (a)
were chosen as the horizontal and vertical axes at the starting point where the
initial conditions are put into the system. Also the accelerometer axes were
assumed to be alined with these axes, except for an accelerometer misalincment
angle, 4, . Hence, no attcmpt was made to obtain an optimum alincment ol the
gyros or accelerometers in order to minimize the final errors. The accelerometer
misalinement angle, &5, was assumed to be composed of an initial term, 0ag, and a
time-increasing term, 9at. The time-increasing term was assumed to be entirely
aue to pyro drift, so that éa is referred to as gyro drift rate.

Lguations for fActual and Indicated Motion

s

The actual motion of the vehicle is described by the equations of motion for
one body moving around another. In polar coordinates, r and o, illustrated in
sketch (b), thesc equations are (ref. 3, p. 42):

o . g
¥o- e o= - ;5 - I,
(1)

rH + 2rd = fy

o



where p/rp is the gravitationul attraction per unit mess at radius, 1, and

Ty and L, arc the components of 1ift and drag (and thrust if uscd) per unit mass
in the horizontal and vertical directions, respectively. Sketeh (c) may be used
to resolve 117t and drag into

£y = -D (cos 7, + % sin yy)
(2)
_ . L
£, =D (sin 74 - o cos Vi)
where
1 - CDA ,
D - = oVy™ (3)

Eguations for 7, and V, may be written dircctly from sketch (c).

¥, = tan m—_——

rA

Fguations (1) through (L) were used to solve for the actual motion ol the vehicle.

Starting point

Fingl point

Note:
8=0 for h =12192 km
Reentry trejectory in polar coordl- Relationship of Tlight-path angle
nztes showlng 1ift, drag, gravity, to componcnts of veloelty and
velocity, and flight-path angle. forec.
Sketen (D) sketeh (c)



Since eguations (1) describe the motion of the vehicle, they may also be
used by the on-board computer for the inertial navigation system. These equa-
tions are rewritten for the indicated trajectory using 1 subscripts for the
indicated position, velocity, and [lorce components.
= R L
97 = = fZi

ivi
Ty

ri—r

N
\J1
~—

riui + 21"131 = fxl

The indicated force components are those along the indicated horizontal and ver-
tical of the measured accclerometer forces. The measured force components differ
from the true values largely becausc of initial accelerometer misalinement, Jag7
cyro drift rate (which causes further accelerometer misalinement), 05, accelerom-
cter biases, Ux, and Ugzy, and asccelerometer scale factor uncertaintics, Sy, and
Sog With the help of sketch (a) it can be scon that the measured force compo-
nents given by the accelerometers may be determined for computing purposes by
first resolving the actual force components through -9 into the inertial coor-
dinate system, then resolving through 45 into the accelerometer coordinate
system, and then adding acceleromecter biases and multiplying by accelerometer
scale Tactors with their uncertainties. The indicated vertical and horizontal
components are then obtained by resolving through 9;. The components of actual
force along the accelerometer axes, found by resolving through -7 and g, are

Tyxq = Tx cos(-9 + 0gqn + bat) + £, sin(-8 + Oag + Qat)
: : (©)
fzy = -Tx sin(-o + Jan + Dat) + Iy cos(-9 + Jag + Jat)

The measwred Torce components given by the accelerometer outputs are

Fa) . . - \
Xz (measured) ~ (fxg + ¢Uxn )SFxg
(7)
Yza(measured) = (fzg + 8Uzg)8Fzg ‘
where
4
SFxy = 1 + Sxg
(8)
SFz, = 1 + Syg |

When egquations (0) and (8) are substituted into equations (7) and the measured
force components are then resolved through 95, the indicated force components
are found to be

¢!



Txq = cos 950 fx cos(-0 + Bap + éat) A

+ £, sin(-9 + 0ay + Ugt) + gUxa ] (1 + Sxg)
+ at)

+ sin )1[ _fX Sin( -} + :')aO

+ £y cos( -0 + Jg, *+ Sat) + SUza](l + Szg)

£y, = - sin 0i[Tx cos(-0 + Ogqy + dat)
+ £y sin(-0 + day + 2at) + &Uxkg1(1 + Sxy)

+ cos 94l -fx sin(-9 + 8ag + Ugt)

+ £, cos(-0 + Dag + Uat) + gUz J(1 + Sz )

y

Position and velocity errors are computed by merely subtracting the actual
components of position and velocity from the indicated components. This is illus-
trated in sketch (a) for vosition components. The equations are

e = I'i
ﬁczdi'ﬁ

ro =Tri -r =hg =hy - h

Do = 0f - 0

These equations are used in this form for instantaneous and final errors. The
initial errors and true values are usually specificd and equations (10) are used
to compute the initial indicated values.

Partial Derivative Equations for Linear Error Analysis

The requirements for a linear error analysis to be valid can be understood
by examining the ecquations for the total differentials of the final position and
velocity components. In equation (11) the total differential of final altitude
is shown as an example.

dn ohy dh ong d Jhe ih. + ooy ag. + ohy a +‘5hf a9
P = + — di — — df — di — 4
= Sng o T 550 o F g, o T FE, Wo * 5,0 Wao T F5, e
ohe She ohr dhy
e e g 11
+ 55, Wx *+ 55, AUy + 5o ATy + 5ap; 05T (11)



A linear error analysis is val.d provided the partial derivatives may be treated
as constants when the differential quantities are replaced by incremental or
orror guantitics as shown in equation (12).

Bhf bhf ’ Bhf B Shf . ahf )hf .
Bep = Sh, Beo * 55, Yeo * 5, Peo 55 Jeo Yomg 20 * 33, 2
Shf dhe Bhf ahf
_ = 1 _ —_ 12
" S0 Ux Sy, V2 T SgRy Sx *oSaF, e (12)

Under these conditions a final altitude error, for example, would be directly
proportional to any one of the initial condition or eguipment errors, and the
final altitude error due to several initial condition and eguipment errors would
be the superimposed sum of the final altitude errors due to each individual
initial condition or cguipment error taken separately.

For the range of initial error quantities for which a linear error analysis
is valid, cquations similar to equation (12) may be written for all of the Tinal
error guantities. In matrix form these equations appear as

hep thf Shr G?f B?f ohr B?f dhs ohy Ohe by E@o
o o Dby o Dap 0y OUyx Uy OSFx ISFz| [Ueg

Yep | |90g Dop d0p D9 d8p d0p O0p d0p D0r  D9g | |Beo

Sho 33p Oho 3o Blag a My Uy STy ISTz| |de, :
= | ) . ) . : . , . . 13)

ﬁ@f Shy Ohp ohy ohe She Ohy 3Shy Odhy Ohp dhe ?ao
She Mg o Do Obag Ma OUy OUz ISFy I5F,) |da
S dp 30r r dp dr dbr dr Mg dbe e | |yt
- Jho 0o Shy I8y Iao 30 OUy OU, OSF, ‘%sjj Sx
 J Sy,

L

Once the partial derivatives are evaluated, the Tinal crrors can be
determined as functions of the initial errors. From equation (13) it can be seen
that one way to evaluate the partial derivatives would be to usge only one initial
condition or equipment error in each computer run, and to divide the final errors
by the initial condition or eguipment error used to obtain one column in the
sartial derivative matrix. For the initial condition and equipment errors being
considercd, then, ten separate runs are required to obtain the complete partial
derivative matrix.

It is possible with matrix methods to calculate the partial derivative
matrix by using ten runs which merely have independent sets of initial condition
and equipment errors rather than only one error in each run. This process can be
explained by writing equation (13) once for each of the ten independent sets of
Iinal errors that result from the ten independent sets of initial errors.

10



(r.] =[Pl [s4] 3
[F=] = [P] [s=]
(14)
>
[Fio] = [P] [810] j
Equations (14) can be combined into
[Fy Fz -.. Fio] = [P][S1 Sz +-+ Si0l (15)

The partial derivative matrix mey then be obtained by post multiplying the final
error matrix by the inverse initial error matrix

[P] = [T, Fo ... FiollS1 B2 ++. S10]7% (10)

Tt should be apparent that for a particular trajectory, the errors which
exist at any instant of time may be considered to be the initial errors which
cause the resulting final errors at any later instant of time. Once the instan-
taneous errors for ten runs, with each run having completely independent sets of
errors, have been obtained along a particular trajectory, then the ten sets of
errors at any point in time may be considered to be the initial or start errors
for the ten sets of errors at any later point in time. With equation (16), then,
the data from the ten runs are sufficient to calculate the partial derivative
matrix which relates the initial errors at any point in time to the final errors
at some later point in time. This process has been used in the plesent study to
celculate the partial derivetive matrix between the final time, tf, which is
always taken at the nominal 30 km final altitude, and every preceding start time
along the trajectory.

Trajectory Parameters and Vehicle Characteristics

The trajectories considered deviated slightly from a typical circumlunar
trajectory aad are described below in two phases: a space phase, which 1is
largely indevpendent of vehicle characteristics, and a reentry phasc, which is
very dependent upon vehicle characteristics. The atmosphere density, o, for the
reentry phase was obtained from reference L. Both phases used eurth constants of
po= 3. j8’13)X105 km?/sec ) Tp =V ,397 .14 kun, and dL = 7.29211x107° radian/sec.

The typical circumlunar trajectory representing the primary cxample for the
space phase has the following approximate elliptical parameters

j (17)

It

I
=~

a
e
p
H
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cspecially one with a

For an actucl rcentry vehicle
s ivabls to have completed the al ol the Incrtis
; precise 1nitial conditions into the system (d.e., 1o ]
as much ag an howr beforc rccontry in order to have time to fu'erce
the stem operation and to avold last nlqatc pilot procedur' To use avail-
icetory data 1t wos rneccoosary to choosc oo start time of 0 5.51 minates
‘ st time to be uon51uc:ed. For the typicsl lana
trajoctory consldered the inltial conditions at this stort time we

De

= .01 min

hy = 18,4700 50 tm
o = -12,010. 34 lan
he = -k 0508 ima/see
Do = 0,732,312 lm/sec )

The residting values Tor  y.  and Vi, were
Eatg) -
]
g © TTT-HEINS
ALO i
| , (1)
- Tl wm/ser
VHO = qJ e m/sce
For casy interpretation oi range valucs, a veference off 7 = 0 for ' = 0 has

been chosen at the veentry 2ltitude of 121.02 km, or 400,000 it.

The reentry phasc 1s ry ccpendent upon the vehicle choracteristics.  TFor
the vehicle considered  Cpi/m = L.1x107° kan 2/kg (or mg/Cpa - 50.1 ¢b/ftL) and
(L/D)ypusx  £0.5.  Conctant and variable L/D  trajcctories were evamincd. For
the varidble L/D trajectorics L/D = =3.201 h lor O < L/D < \L/D)iay (Obta%nwd
o . 5). The constunt L/J tladectorlco were obteined Tor values of L/D

o 0.27, and the variable L/D trajectories were obtalned by changing
ry flight-path ungle (ot 121.02 km) from - M?*) to -5.0000°% and vary-
as Just described. Those reonresent o wide v ol reentyry trajcc-

cince the constant L/D ontrico have very hich decclerstions and the
/D oentrics have rother low decelerations

The specitic trajectories considered arc shown in figsure 1, and some of
important parameters are shown in tablce I. The longest trajectory
has o range obf about thrce-fourthe oi the circumicrence of the earth
carth clrcwnlerence @ 40,000 km) and the Tinel time alter rcentry is about

cur. The medium length trajectories, having reentry times near 20 minutes,
wre more deslrable from the standpoint of reontry time. Trajectory U, which has
o modium range, low peak deccleration, and low skip altitude, will be empnhasized
in the remoinder of this revort to illustra the principles being discussed.
Time histories of the trajectory variables ore plven in figure 2 for trajectory b.
>s {or altitude, ranpe, altitude rate, and rangce rate are shown in fig-
“(n), and the corrcspouding curves for velocity, flicht-puth angle, and force
cer unit mass arc shown in {Migurc Q(b)

o




Initial Condition and Dguinment Irrors

It is highly desirable to use a currently recalistic set of values for
typical initial condition and equipment errors. Conseguently, the following
initial condition errors were obtained from the resulis of a study of & midcourse
navigation system for a circunlunar mission.

=

hey = 2 km

Yoleg = 0.0 km (20)
- - _t i
he, = 5x1077" lm/sce

r d. = 2<107° la/scc

[SRR=Ye) ’

The correctness of the order of magnitudc of these errors mey be verified by
referring to the standard case in figurc L ol refcrence . These initiul condi-
tion errors are roughly an order of maynitude layper than those presort in radio
tracking data, provided the radio tracking system has becn allowed suificient
tracking time for filtering and smoothing its data.

The following conscervative equipment crrors were uscd as independent dis-
crete values in this study without rvegard to statistical variations:

5., = 210~ % radian = 40 scconds of arc
e
Faq = ~x107° radian/suc = 15 mera
~ . —4 (El)
Uy = Uy -~ 1x107% ¢
Sy = Szg - 1x107% g/g

RESULTS AND DISCUSSION

The navigation crrors in position and velocity during reentry into the
earth's atmosphere were analyzed to cstablish the range of initial condition and
equipment crrors over which a linear analysis is valic, that is, to c¢stablish the
range over which the partial derivatives of final position and velocity with
respect to initial conditions and eguipment parzmeters may be treated as con-
stants. The results of this analysils werc then used to demonstrate the use of
partial derivatives [or cstimating the Tinal errors that result from various com-
binations of initial condition and eguipment errors with the inertial navigation
proccss started at various times before reentry.

The results establishing the region of validity cf a linewur crror analysis
will be presented as follows: First, the relationship between the final and
instantancous crrors will be illustrated using trajectory 4 as an example. Then
the final errors will be given for each of the seven trajecctories in figure 1 so
that the validity of a linear error analysis can be cexamined for the magnitude of



to demonstrete the range of linearity of final errors with respcct to
1 condition and cguipment crrors.

he rosults ol using purtisl derivatives fTor estimating finsl crrors will be
presented as Tollows: Trajcetory 4 will be used to nresent data Tor curves of

partial derivetives of [inul crrors with respect to initial condition and eguip-
ment errors as Ifunctlions of start time. These curves will then be multiplied by
initial condition and ecyuipment crrors as functlons of start time to cive curves
or Tinul crrors versus sturt time. The relative efTects of initial condition and
eguipment orrors resulting from starting the system onerating at various times
belore reeatry will be examined, and ways of reducing the recultinge crrors will

be discussed.
Renge of Linearity

For trajJectory 4 the time historics ol errors in altitude, range angle,
altitude rate, and range angle rate are shown in figure 5(a), and corresponding
cerrors in velocity and flight-path angle are shown in firurce 5(b). For these
curves ull of the errors in cguations (20) and (21) were used as the initial con-
dition and eyulpment errvors. In figure 3(a) it is seen that the crrors change
slowly and rcmain small for the first 30 minutes and then begin to changce more
rapidly cnd to become large. The changing nature of these errors can be
explained 1f one considers the different behavior of inertial navipgation crrors,
in general, gbove and below circular velocity (ref. 7). It is known that when
) has been reduced below the required velocity for circular orbit at that alti-
tude, the altitude error, which is the most significant error, becomes unstable
and results in large errors after reentry is completed. This instability is not
entirely obvious for the medium range trajectory of figure 3, but it is rather
pronounccd for longer range trajectories. It should be noted in figure 3(a) that
the altitude error as shown remains positive at all times; however, different
combinaticns of positive and negative initial condition and cguipment ervors
could have causcd the altitude crror to be more oscillatory in nature and to
become negative during pvart or all of the time.

The final errors in Tigure 3 exist where the error curves terminate. From
table I it is seen that the final time alter reentry, th, 1s 23.00 minutes, and
this occurs when the "actual" final altitude, hp, is 20.75 km. This valuc wa
used instead of exactly 30 km (the nominal valuc) because it was the nearest time
available from the computer data after 40 km had becn reached.

The Iinal errvors which result from applying cach of the initial condition
and equipment errors of ecyuations (20) and (21) to each of the scven trajectorics
illustrated in figure 1 are shown in tables II(a) through (g). The results from
11l computer runs arce shown in each table. Tor runs 1 through 10 the final errors
arc shown which recult from just the initial condition, I.C., or cguipment, Equip.,
crror inaicated for cach run with all other initial condition and equipment
crrors set equal to zero. For example, in table II(d) for trajectory L, computer
run 1, with an initial altitude error of 5 km and all other initial condition and
equipment crrors sct cqual to zero, resulted in a final altitude crror of ©.05 km

1h



and a Tinal rangc crror oF -19.5k4 . The only other significant errors in this
table resulted from gyro drif't rate and acceleromcter biases (runs o, 7, and &).
When & lincar error analysis is wvaelid, the estimated value of the superimposcd
cfTects of =11 the initial condition and cyuilpment crrovs may te obtaincd as the
alrebraic cwe Lor inditial condition and cquipmcnt crrors. The cstimated values
of .7 km ior altitude and - SRR se moy be compared with the results
or run 11, wherc all ol the 1u111¢l condition =né cyuipment crrors werc used.

Tor run 11 the final errors of J.71 for altitude and -37.03 for rangc counare
very well with the estimated £inal crrovs given as the algcbraic sum tor initisl
condition and equipment crrors. Henco, supcrposition of the errvors is valid herec,
indicating that o lincor crror anclysis is valid for the assumed corrors. Similar

vesults Tor the other six trajectorics are shown in the other purts ol table IT.

The worst nossible condition would cxist 1Y 21l ©insl errors had the same
gign. When the absolute mognitudes of the [inal errove in toble IT(d) ere summed,
the resulting crrors of ©2.50 lan Tor altitude and 72.¢5 km vor range are scen to
be very largce. Thesce large crrors are causcd mostly by cquipment, as shown by
the valucs o 3h.72 km for altitude and 51. 54 dun for range duc to couipment
crrors only.

The =bsolute mayrnitudes of the final errors Tor all scven trajcctories are
summarized in table IIT. When these are plotted as functions ol final range, the
curves shown in Cigure 4 are obtelned. TFrom these curves 1t is apparent that the
5 for high deceleration trujectorics, illustrated by tnc constant L/D
curves, are somewhat larger than for the low deccleration trajectories, illus-
trated by the variable A/D curves. TFrom Tigure L{a) it is also apvarent that
the Tinal ramcc crrors increasce continuously with increoscs in finai-rangc. From
firure 4(b), however, it is sccn that some of the curves for final wltitude
crrors reoch meximwn valucs and then decrcasce as the {inal range increazses. From
this fipurc it car be seen that cyuilpment crrors, rather than the initial con-
dition errors, are causing the decreasing final altitude errors. Althouph a
satisfactory cxplanation of this decreasc in finol altitude errors is not known
to the authors, a study of longer range trajcctories not included in this report
has shown that £inal attitude crrors rcach a minimam valuc for a Tinul range
sliphtly creater than the longest ranges illustrated and then generally increase
with further increases in final range.

orro

Since a linear crror analysis appcars to be valid for the crrovs in
eguations (20) and (21), it is not swprising to find that the rinal errors in
table IV(a) for noratlve initial condition and equipment errvors are the negatives
of those in table II( ) for positive initial condition and equipment errors of
the same magnitude. Turthermorc, when initial condition and cguipment errors
which arc ten times larger than those in equations (20) and (21) arc used, «
linear error analysis still appears to glve approximately correct results, as
shown in table IV(b). 1In this table the algebraic sums of final errors in runs 1
through 10 agrce fairly well with the final errcrs in run 11. [Furthermore, a
comparison with table II(d) shows thot the Tinal errors (as well as the initial
condition and equipment errors) in tablc IV(b) are approximatcly ten times the
corresponding Tinal errors in table I1(d).

When initial condition and cquipment errors 100 times as large as those in
equations (20) and (21) arc used, however, o lineur crror analysis is no longer
valid, as shown in table IV(c).



4 hos boor used as an cxamplc in tablc IV, vory similor
ay ol toe zoeven representative tracctories in figurce 1.

%

crrorvs lor which o linear crror analysis is valid can be more
x:d 10 the finel errors arc plotted versus initial condition and
ain using trajectory 4 as an example, the ramgres of lincar-
iol LMLLL 1 ultituce crrors and initial range errors are shown in parts (a)
i (b)), respectively, of fisurc 5. TFinal altitude error is uscd here as an
cxamnle.  The solid lincs show the zctusl curves obtained and the broken lines
show the linear recsults. It 1s rcadily apparent that the initial altitude error
o 5 moand the inltlul range crror of 0.5 km given in cquation (20) arc well
within the lincar range of valucs. In faet, initial errors ten times these
vilues are still well within the linesr range. Additional dato, not included in
this rcnort, have shown that the range of linearity for all of the initial condi-
tion and cyuilpment crrors extends beyond ten times the values in equations (20)
wnd (21).  The crrors chosen in cquations (20) and (21) are conscrvative, so that
crrors larger than ten times these ues are unrealistic or sophizticated space
weplications.  ence, 1t is concluced that o lincar crror analysis for realistic
reentry conditlons will usually e valid.

Jse oif Partial Derivatives Tor Estimating Final krrors

range of linearity has been demonstrated to include conserva-
tive crrors for realistice reentry conditions, the use of the partial derivatives
ror estimating the effcets of starting the incrtial navigation process at various
times belore reertry will be demonstrated. Curves of partial derivatives versus
start time, obtained as cutlined under the section entitled "Partizl Derivative
hguations for Lincor lrrov Analysis,” will first be presented. With trajectory b4
as an cxamnle o sot of these partisl derivative curves is given in figures O
through . 4As would be oxpe LtLd the partial derivative of cach final quantity
with rcswcnt to its initial valuc is cgual to unity at the final time, and the
nurtial derlvative of cach Tinal guantity with respect to cvery other initial
juestity is egual to zero at the final time. Most of the partial derivatives
docrease contlnuously to the [inal valucs of O or 1. Several of them change
sling, wnd some then have abrurt changes when the atmospheroe is reached.

Ag the start time is delayed, the partial derivatives with respeet to alti-
tude inecreasc, which means tnat 1f an identical initial altitude error were used
(with the other crrors remaining zero), regardless of the start time, then
smaller Tinal errors would result if the inertial navigation proccss were started
well before the ctmosphere is reached, rather than just immediately before the
antmosphere 1s reached. In fact, the worst possible time to start with an alti-
tude error only would be Jjust beforce the atmosphere is reached, since most of the
partial derivatives with rcspect to altitude peak in this vicinity. Althoug
this interesting result is contrary to the fairly common assumption made in iner-
tial navigetion that the smellest final crrors would occur if the start time is
deluyed until the latest possible moment, it can be partially explained theoreti-
cally 1 ¢lliptical equations i'or a nonatmospheric reentry are used and a perfect
inertial navigotion system 1s assumed. When the cquations of motion given by
cguation (1) with Ty = Iy =0 (for no atmosphere) are used, the vehicle follows
an elliptic trajcctory in which radius of perigee is analogous to final altitude.




cortiol derivetive of wadius of noripce with resceet to initial vadius (or
altit ude) hus the shwoce shown in figure 10(z).®  Comparison of this curve with the
the curve Tor the particl derivative of fincl sltitude with respect to initial
aititude iz figure o(a) shows thet the curves have similar shopes. Tigure 10(b)
shows sowme slnilarity to the rartial derivative ot fincl altitude with respect to
initisl altitude rate shown in Ticurce o(a), and Tigure 10(c) shows very close sim-
ilarity to tae partial derivative of final altitude with respeet to initial range
angle rate chown in flgure v(u).  The partial derivative of radius of perigee

with resocet to initizl range ungle is zero, since the trajectory is mercly
shifted throwsh & small ancle around the carth. However, as shown in figure (a),
the partizl derivative of finzl altitude with respcet to initiel range angle is
not zoro (ulthoush 1t is smoll cnouph to contribuate only a very small Tinal alti-
tude coror), since an crror in rmowce ongle causes a misalinement of the indicated
anc actusl horizontal and verticul axes so thot the inertisl navigation systom
computes tho wioly!

e ol deceleration.

Tt is dntercsting to note that the start time [or the maximum valucs of the
partial derivatives with respect to initiul altitude varies depending upon the
particular cholice of 1uder~nduut varicbles. When Vy and y,  are uscd gs inde-
pendent voriables lostead of h =ng 7, the curves shown in Tigures 11(a), (b),
and (c¢) arc obtoined for the purtial derivative of radius of perigpee with respect
to initial rodias, velocity, and licht-path angle. The curve in Dipure 11(a)
Goce not reach = peak belore the atmosphere 1s reached, as does the corresponding
curve 1n Il 10(a), althoush 1t Goes iacrease in magnitude as the atmosphere
is approached (rci'. ©). Thic dlifcrence in the curves ol the partial derivatives

T pericec with respect to initial radins does not imply that tac use
srdinate systems would result in different answers. The results
Tor the twe coordinute systems would be the swane since, 1f onc assumes statisti-
cally uncorrelated errors in onc coordinate systcm, the coordinate transformation
will pive correlated crrors in the other coordinate system. The curves of Tig-
ures 10 wad 11 assume uneorrelated crrors in each coordinate system.

.
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For an actusl inertial navigation qutym being usced on a vehicle, no one
knows whot thc crror corrclation will be; however, it would scem desirable to
evoid any situation whicn miyhit produce lurge crrors. Since the cifects of an
initial altitude crror by itsell may be rether large, as previously illustrated,
it would be wisc to consider the nossibility of reducing the cifects of the
initicl wltitude errvor by pubttings the initial conditions into the system and
starting its operation et some time prior to thet o1 which the partial deriva-
tives with respect to initial altitude reach maximum values.

The nartial derivative curves ghown in Tipgarces o and 7 will now be used to
estimate the nosition crrors which sult Srom ctarting the incrtisl navigation
process ot diffcrent times belore reeatry. The estimation procedure will be
illustrated craphicolly. For illustrotion it will be assumed that the initial
condition and ciaipment errors in cousntions (£0) and (21) arc thosc at any start
time of the incrtial navigation process, regardless of the initial time or alti-
tude. When the crrors in equations (20) and (01) are multiplicd by the appropri-
ate nurtial derivetives at ewch start time ian [igurces w and 7, the [inul crrors
shown by the solid lines 1n ligures 12(a) and (b) arc obtained. The Tinal errors
Tor initial range angle crror, initiel altitude rete error, initial rangce angle

“The cquations lor figurces 10 oné 11 arce derived in the appendix.
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crror, initial misalinement angle, and accelerometer scale Tactor uncertain-
are Loo small to be shown. Hence, for the assumed errors the only signifi-
cydipment errors are gyro drift rate and accelerometer biases. The sum of
cbsolute final altitude crror Tor all initial condition errors is approxi-
y vaual to the final error for initial altitude error only. The broken-line
cs in figure 12(w) represent the sum of the absolute velues of Tinal cltitude
criors ior egulpment crrors only and for initial condition and equipment errors
conlbined. It is sipnificant that the final altitude errors due to equipment
decrense as the atmosvhere is approached, while the final altitude errors
due to inltl;i condition errors increase as the atmosphere is approached. From
Tiga ) (tov curve) it can be seen that it would be desirable, from an alti-
tude crror stqndpoint, to start the inertial navigation system between 20 and

40 minutes belore rcentry.

To illustrate the asccuracy of this estimation process, 2 set of estimated
'inal crrors will be compared with a set of computed final errors at the partic-
ular start time of 3.58 minutes before reentry. The estimated errors obtained by
naltiplying the partial derivatives by the initial condition and eguipment errors
are shown in part (a) of table V. The computed errors obtained from 10 separate
computer runs started at 3.58 minutes before reentry are shown in part (b) of
table V. Most of the values in the two tables agree very well with each cother
but some of the values for accelerometer bilases do not. As shown in Tigures 5(b),
7(b), 8(b), and (b), thc partial derivatives with respect to Uy and U, become
guite small at té = -3.50 minutes. Because of this, the partial derivatives
were determined with insufficient accuracy, which accounts for the discrepancies
between tables V(a) and V(b) for the errors in accelerometer biases.

Scme consideration will now be given to the magnitude of the {inal errors
obtained. From Tigure 12 1t is apparent that the final crrors for combined
initial condition and caguipment errors are Ialrly large, especlally when it is
considered that the final altitude crror 1s somewhat larger than the actual
Tinal altitude of about 30 km and the final range error is much larger than the
valuc oi scveral kilometers desired for convenient recovery of the vehicle.
Althourh trajectory 4 has been used as an example, Tigure 4 shows that the errors
o1 this trajectory are the same order of magnitude as the errors that would be
oxpected for any other reasonable trajectory.

It should be emphasized that the results presented in figure 12 are based on
the mailn assumption that the initial condition and eqguipment errors are the same
For any altitude before reentry. The same procedure may be used to estimate the
starting time effects for initial condition and equipment errors which change as
a function of altitude. Depending on the method used {or obtaining the initial
conditions, the errors may or may not be significantly smaller near reentry than
an hour before recentry. From the example illustrated in figurce 12 it is apparent
that 1f the initial altitude error is several times smaller near reentry than an
hour before rcentry, the final errors in altitude and range will be reduced by
starting the inertial navigation system at a time less than about 20 minutes
before reentry.

When the inertial navigation process is started about an hour before reentry,
the final errors rcsult predominantly from cquipment errors, rather than initial



condition errors. Accelerometer bilas and gyro drift are the chici contributors.
Using the outputs of the accelercmeters as zero above the atmosvhere, so that the
bilascs are not integrated prior to reentry, can greatly reduce the effects of
accelerometer bias. The final errors for trajectory 4, calculated with initial
condition and eguipment errors of equations (20) and (21) but with accclerometer
outnuts of zero sbove the atmosphere, are shown 1:a table VI. Comparison of this
table with table II(d) shows that leaving the accclerometers off gbove the atmos-
phere produced much smaller errors due to accelerometer bilas, but did not signif-
icantly affect the other individual final errors. Hencc the sum of absolute
valucs for equipment errors and the sum of the absolute values for initial con-
dition and eguipment errors are reduced corrcspondingly. Thus, leaving the
accelerometers off above the atmosnhere helps to reduce the final crrors.

CONCLUDING REMARKS

The final ervors in position and velocity when an inertial navigation
system 1s used during reentry into the carth's atmosphere have been analyzed for
a given set of initial condition and equipment errors. The analysis has shown
that for realistic errors and reentry conditions a linear error analysis will
usually be valid; that 1s, the vnartial derivatives of final position and velocity
with respect to initial conditlions and equipment parameters may be treated as
constants. Also, the analysis has demonstrated that these partial derivatives
can be used to cstimate the final errors which result from using various combina-
tions of dinitial condition and equipment errors with the inertial navigation
procegs started at various times before recntry.

Some interesting error relationshins werc revealed by the analysis of a
specific reentry from a lunar trajectory. When the inertial navigation process
is started Just prior to reentry, the final errors resulting from initial condi-
tion errors predominate, but when the process 1s started well belore reentry
those from equipment crrors nredominate. Altitude error is the most significant
initial condition error, and accelerometer bias and gyro drift are the most sig-
nificant egquipment errors. The final errors due to accclecrometer blas may be
creatly reduced by treating the outputs of the accelerometers as zero above the
atmosphere.

Although a specific reentry trajectory terminating a flight path from the
moon has been used to a large extent in this rcport, sufficient consideration
has been given to other trajectories to indicate that these error relationships
should also exist for any realistic reentry trajcctory.

Ames Research Center
National Aeronautics and Space Administration
Moffett Field, Calif., Feb. 21, 1903
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w2 cos® y L | VR (25)
9 b S

Thic cyuation may be diifercntiated explicitly i this Lorm to obtain the vartial
derivatives of rp with respect to r, V, and 7, but the rcsults cre diilicult
to simplify because of the prescnce of the radical. 4 glmpler approach is first
to remove the radical by transferrin. everything: except the vadical to the left
side of the eyuation then sguaaring both sides ol the couation to obtaln:

v, S N T e S RTe=RY
1 -2z IV g xcost yfs IV (o)
roN A 1 ", 8 /

How, subtracting 1 from cach side of this couwtion, then maltiplylng Lotk

2T A 2 P e TR 1 A 4
by pr/[2 - (rV3/p)], and then trancposing cverybhims to the lelt side off the
egquation ;ives:

N

“2urpr r3v® cos® y + rpf(ep - rve) = 0 (25)

This cquation is now in o simple Torm ior lmplicit differentiation, und ogua-
: 5

tions (22) may be used to rewrite it in terms of 1, v, and U

—Lurpr + 199 ¢ rp‘[zu - r(fg + rﬁdﬁ)] =0 (25)

When equation (2u) is differentiated fmplicitly, the following purtial deriva-
tives of r'p with respeet to 1, v, and o arc obtained:

3 pr 4 rplen - r(2® o+ r2d2)] (27)

RIS -5 4+ rpfr)
T -pr + rplau - r(P7 o+ r20R)]

Similorly from cguation (25) the following partliuls off v, with rcspeet to v,
V, and 7 are obtained:

Srp  Purp - 3PV cosd oy 4 o, BVE
(?p

St -2pr vy - rVe)

Drp -3V cos? vy + rpFrV g
IV -pr (- eVE)

Drp r3V2 cos ¥y sin ¥
Sy e+ rp(2p - Ve

21



TFor both systems the partial derivative of rp with respect to o i1g zcro,
since 1, 1s independent of O as shown by equation (23). It should also be
immediately recognized that the nartial derivative of wlth respect to
is different in eguations (27) and (28), since different quantitics have been
assumed to remain constant during the differentiation processes.

To obtain plots of these partial derivatives versus time, several other
egquations are required. Time is obtalned by using Kepler's eguation, which can
be written as

t, = E - e sin(l) (o)

D
where tp  1s the time to perigee and L 1s the eccentric anomaly, given by

.18 -1
E = cos ™t =— 30
P (30)
The time at radius, r, on the ellipse can be obtained in terms of timc alter
rcentry, t', by subtracting tp at r from t, at an altitude of 121.22 lm.
The other equations needed for an clliptical trajectory in addition to egua-
tions (22) and (27) through (30) are:

VE = u (?— - L
| (31)

H=1rV cos v 5 = constant

i
=

Now, there arc sufficient equations to obtain the plots shown in figures 10 and 11
using the values for a, e, and I in eguations (17).
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TABLE T.- DATA FOR TRAJIECTCRIES SHOWK IN FIGURE 1

— — -

Trajectory 1 e 3 & o 5 K

¥inal rance,
TSy, K
E

¥inal altitude
{nominsl 30 km), Ay s 29,50 76,51 $6.75 00,57 o851 26,00

L/D

Peak deceleration,
-

i 9.45 Loy 5.59 .04 6,31 .97 6.1

Yo os U0 =TT LELY =7 kLl -t bk -77.L070 =77 4L1h S7T. 5068 | 77 hbak

o

der S0.4705 | -6.L795 | S6LLTos | -5.8860 | 6.

-

Al

-5 5629 -6.4795

79

wn/sen L, 79990 Irisislote L. 79990 L.7o00e L.7099: 4.7993¢0 Loronus

km/sec 16.51546 | 10.51436 ] 10.51436 ¢ 10.91352 | 10.51436 10.51515 | 10.51436

doter o lxcept for changes In y, oy the variable L/D trajectories, the initial conditions
o

tn eooations (17) and (19) were used.

TABL 1L.- )

EECULTING FROM HHRORS ARSIMED T8 EQUATIONS (20) AND (21)

(1) For trajcctory 1

TN Lrrors acs aed Altitude, Range,
Pep TEe
km km

Range rate,
I‘Eﬁfef,
102 km/sec

Yo e

Initial
2endition
ervors

4 rade = 2.0x107° km/sec .10 -.10 1k -.cH

TOMQ

= 5.0x10 4 }:m/sec

Fi. o= 0.0X10 7% radian
fer

7, = 1.0X1C™" radian/sec

- s )

i - 1.0X10 g A 15.0! _A.0L
Banipment - ' 2. 24 O
erTars 1.oxi07% 2.3 s 1.05

3 1.0x107% ¢/¢ -.03 LLo -3

1.0x107% ¢/ -.05 -.07 . -.69

x (Brne 1 thronch 12,43 -17.31 -13.63 -lo
bz fRuns 1 theongh L £.69 17.76 15,44 4.0k

throwh 10 | 1546 17.67 61.12 L.

LZ | Riese
d: [Eine 1 throtgsh 10| 71.1Y 35.43 LY 45,54

1l [Final errors from a1l initinl conditio
L i erre i1l 1 condition 10,40 S7.50 e Sihlen
and equipment errors i
a, ‘L . . A - .
W».Lg chraie eam of final errors {from initianl condition and cquipment eryro

i

Ck‘wun S aboolute of final err from o inittial condition errors
df‘wml i lute values of final err om equipment crrors
Sm lute values of I'inal errors from initial conditicon and equipment crrors
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TABLE II.- FINAL ERRORS RESULTTN FROM ERRORS ASSUMED IN EQUATIONS (20) aND (21) - Continued

(d) For trajectory b

Final errcorc

Run TrYeTs assimoed Altitude, Range, Altitude rate, Rangc rate,
th’ TEOef’ hef! TEJCf:
km *m 1072 um/sec 1072 km/sec
! he, = 5.0 xm 6.65 Lok 23.47 5.00
2 Iué?é?l roﬁeo = 0.5 kn -.11 .21 -.30 0P
condition . - 4 m/sec N N - 2a
3 errors heD 5.0x10 rfm,sw .03 43 .52 1.89
4 TEYe = C.0XICTP km/sec .15 .23 .36 0
5 (g, = 2.0X107* radinn -1.17 .35 -2.09 .17
A Sy = 1.0x107% radian/see -23.68 .63 -67.21 1.59
i = 1. T o 17.77 L1H 2.72 -5,
Bquipment { 1.0x10 € =TT L 3072 3L
errors qu = 1.0x1C7% ¢ 11.50 L1h 1h.52 -9.84
9 Sy, = L-0X107* g/ -.02 .32 -.15 _.60
10 e, = 1.0x10"% ¢/ -.50 ) -.6p 7
“Z (Buns 1 through 10) 39.79 .93 7.32 -L.7e
b ) . ..
Z |Rus 1 throwh bW 7.3k Lh1 24,65 £.93
®% {Rune 5 throwh 101 sh.7o 3L 125.22 15.51
“Z |Runs 1 throuek 101 62,56 .75 149,047 o2kl
11 {Final ecrrors from all initial condition ‘ o -
and equipment errors 7-TL 03 731 5.0k
(e) For trajectory
1 he, = 5.0 km 12.20 an 34,482 .Bh
) Initial r g = 0.5 kn -.17 4o - LT .03
3 COMIELINR R 2 5.0x107% 'm/sec -.33 15 1.00 .89
CYTUITS [e] -
L Tcéeo = 2.0x107° km/sec .18 JpIeS 55 .01
5 rnam = 2.0x107%* radian -1.65 a b .32
6 5, = 1.0X10-° radian/sce -34.30 .52 -107.00 3.8
7 . Uy = 1.0x107% ¢ 17.2k .70 55.20 1.59
8 Tquipment " = 1.0x10-% ¢ [ 9 P _ o
erTiTs “Za L ¢ 15.55 .96 27031 10.48
9 Syy = 1.0x107% g/eg -.19 .17 -.10 .21
10 | Sg, = 1-0X107% v/ -1.09 .37 -2.00 -.0k
%% (Runs 1 through 10) 7 kb .92 .69 -2.95
bZ [Runs 1 through 4] 12.88 .69 Lo . 8Y 1.57
T IRims 5 threugh 10 70.02 .59 196.42 16.52
dz [Runs 1 through 10| 82.90 o8 237.26 18.09
11 Flna% errgrs f?om all initial condition 7.23 10 5.78 3.85
and cquipment errors
O

Y

“Fum of absolute values
c, . |
S of o
Sum ot n

of final err
vnlnes of final err
of Pinal err

lute
lute walues

TAlpebrale sum of final errors from initial condition and e

ors
ors
ors

quipment errors
from initial condition errors

frem equipment crrors

from initinl condition and equipment crrors



TARLE TII.- FINAL ERRORS RESULTING FROM ERRORS ASSUMED TN

EQUATTONS {20) AND (21) -

Coneluded

() For trajectory 6

Final errors

Run Errors assmed Altitude, Rapge, Altit}de rate, Renge rate,
hef’ rEH‘ef) f‘*ef; TR e
km Kk 10°2 km/sec 1672 km/sec
1 'heo = 5.0 km 7.00 18,79 o7.36 4.83
2 Initial e, = 0.5 kn -.07 -.32 -.08
5 | condition 0y . 5.0%107% wm/sec -1.40 2. 2.0
errors €o !
L |ree, = 2.0%10-% km/sec .13 - .hg
5 (O, = 2.0x107* radian -.66 1. -3.16 -
6 A, = 1.0x10~® radian/sec -16.77 33,6 -81.47 -20.30
1 - 1. -4 .7 Z L1 2
7| Bouipnent | Uy = 1:0X107% & 73 %0 LL.12 14.36
8 errors Ug, = 1.0x107% ¢ 19.97 -38 L4, 76 -3.5
9 Sy, = 1.0x107% ¢g/g -.28 -.06 .03
10 Lsza = 1.0x10°% /¢ -1.47 2 -3.34 -.10
&% (Runs 1 through 10) 15.14 58 25,55 -5.13
b . - -
£ |Runs 1 through 4| 8.6 op 30.57 5.4k
s |Rune 5 through 10| L7.68 117 176.92 35.19
4z |Runs 1 through 10| 56.L5 140. 207. 49 bl 65
in rrors fror 1 initi onditin B,
11 |Firal e r;r: rom all initial condition 1490 -57.¢ 05.63 5,60
and equirment errors
(g) For trajectory 7
1 (he, = 50 km £1.35 -51 66.07 2.k
2 Initial rofe, = 0.5 km -.13 -.62 -.13
3 | conmdition Ay o 5.0x107* wm/sec 1.4k 1. 2. bk 1,11
errors (e}
L | Toes = 2.0x1075 xm/sec 23 - 8l .10
5 (9, = 2.0x107* radian -1.29 L. 6.2k -1.37
6 4, = 1.0x107° radian/sec -30.03 80. -150.10 -30.3%
Uy = 1. -4 .5 -53. 8 5.83 17,13
7 | Equipment x, = 1.0x107% ¢ 11.55 53.8¢ 65.83 13
8 errors g, = 1.0x107% ¢ £.19 kb, 51,57 11.09
9 Sxg = 1.0x167% /s -.56 -1.06 -6
10 Lsza = 1.0x107% g/g -1.29 3 -3.89 -.25
&s (Runs 1 through 10) 9.46 _60.¢ 14,9k -1.90
b . Y oa
% |Runs 1 through | 23.15 53. 69.97 3.78
°$ |Runs 5 through 10| 50.90 187 268.69 61.64
iy |Runs 1 through 10| 76.05 240 .7 338.66 65.52
Fina fnitis 161
11 [Final er??rs from all initial condition .12 0. 1L.59 2360
and equipment errors
iAlgebraic sum of final errors freom initial condition and equipment errors

cum of absolute values cof final errors from initial condition errors

o0

Sum of absolute values

Sum of absolute values of final errors from equipment errors
of final errors from initial condition and equivment errors
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TABLE IV.- FINAL ERRORS FOR TRAJECTCRY /i WITH VARIOUS INITIAL ERRORS - Concluded

{0) Initial errors ten timer those in equaticns (20) and (21)

Final errors

Altituide, Range, Altitude rate, Range rate,

Fiun FErrars asoumed e ) kN o
T Treps er Ve ps

km km 1072 xm/sec 1072 mm/sec
1 he = 5.0x10 km £7.99 -19%. 35 45,38 51.24
2 Initianl rmﬁeﬂ = 5.0 km -1.12 oL1h -3.01 .17
Pgigéiihn o = 5.0X107 ton/ser =027 ~1k. 3k .07 19.01
L = 2.0X107* km/sec 1.5+ 045 3.6l _oo
G Aa, = £.0X107° radian 11.16 8,53 -29.90 1.77
; ‘-j‘:L = 1.0X1C™° 11 lian/see [t 170,14 _,372‘71 13 )
Lquipment | % = 1.0x107° ¢ 179. 30 -306.,090 390,58 -26.1p
3 crrors g, = 1.0x1072 116,41 o101 144,60 -95.99
9 x, = 1-0x107% /e -.e0 -5.20 -1.50 -6.03
10 8y = 1.0X1077 o fr -5.05 e ek 1.75

%Z (Runs 1 thronch 10) 105.07 -316. L0 68,51 -20.53
b : ; .
Z |Funs 1 throueh b 75%.91 A1k 5 ~h7.30 TO. it

C

L [Rung 5 throush 101 SL,, HH 51L.20 1247.94 165. 45
d - . -
2 |Funs 1 throuch 10 CokTo 1ha5. 0k 235,77
11 |Final mrore frow all initial condition SR 305, 5 oo Lo 50,63
wnd equinment cryors e -
(e) Initial errors cne hundred times those in equations (20) and (21)
1 e = 5.0X10% lem 201.01 0 1915.10 0305, 04 555,01

>0

= 5.0%1C kn -11.23 o104 -30.08 1.77
5.0x107% km/sec -G, ol

b5 Tnitial
condition

errors
L = 2.0x10 72 km/sec 15.46 =15
5 (1o = 2.0X1072 radian -110.50 21.09

& M = 1.0x107% radian/sec | -1452.57 300%. 98
7 Bqudpment 4 Uy, = 1.0x107% ¢ 1885.10 39.48
5 errors Upy = 1.0xX1072 ¢ 1197. 35 -T56. L2
2 Gy, = 1.0x1072 ¢/ -0LLT -60.42
10 LSy, = 1.0X107% ¢y -52.58 17.71

a

b

% (Funs 1 throngh 10) 1979.13 3049.7h
Z JRuns 1 through U 91L. 43 £115.13 2L58.59 783,62
T {Funs 5 through 10 LooT7.27 5185.71 106586.50 3900.10
Z !Runs 1 through 10 | 5821.71 T7300. 84 133L5.39 L5H3.T72

C

d

11 {Final errgrs from all irnitial econdition 1080. 58 -3035.27 199.06 618,11
and equipment errors

%Algebraic sum of final errors Trom initial condition and equipment errors

CSum of absolute values of final errors from initial condition errors

Sum of absolute values of final errors from equipment errors

Sum of abscolute values of Tinal errors from initial condition and equipment errors




TABLE V.

- FINAL ERRORS FCR TRAJECTORY 4 WITH GTART TIME OF

3.58 MINUTES BEFORE REENTRY

{2) BEstimated from partial derivatives

Final errors
. Uprors acoumed Al?itude, Ragge, Altitgde rate, Rangi rate,
oo rifeyss ey TrYeps
km km 1072 xm/sec 1072 xm/sec
{ - -
1 ho, = 0.0 km 35.50 -P6.3L 63.40 -1b.h4s
e Toitizl fr,o, = 0.5 kn - ko 76 -1.07 .06
;| copditiom ‘!p = 5.0x10 7% km/sce 6 -3 .09 -.20
errors I ~ '
L \rode, = 7-0X1072 km/sec .06 -.03 10 -.03
5 (o, = 2.0x10 ™% radian -1.12 &5 -2.099 17
1, = 1.0x107° radian/sec ~3.66 1.37 -13.63 -1.53
v . o= 1.0> 0_4 I =1 -1.C5 -.13 T
Bauivment | Xa L.Ox1 ‘ oL 109 3 !
errors | Uy = 1.0x107% ¢ 2.05 -8 3.97 -1.10
9 Sy, = 1.0X107* ¢/e -.02 -3 -.15 -.60
10 G, = 1.0x107% ¢/g -.52 22 -.62 .17
7% (e L Enrough 10) 30,3k _06.:0 %9.07 S18.35
I . ~
'S i Runs L throneh b 36,52 28.¢6 65.56 1.7k
Cz [luns 5 threagh 10 7.3 .66 21.49 b
“% | Rune L threugn 10 13,80 32,72 87.05 19.15
(L) Obtained from computer runs
1 Hao = 5.0 xm 36.11 -p6.A2 64,93 -1h.70
2 rnitial [r.d, = 0.5 -.ho 97 -1.07 .06
, conditiony - -4 _ .
3 e he? = 5.0x107% km/sec L5 -.92 Lo -.19
b r 8, = 2.0x107% km/sec .06 -.03 10 -.03
o . ; ~ -4 : o
5 (i, = £:0X10 radian -1.12 LE6 -2.99 17
6 9, = 1.0x107° radian/sec -3.71 1.32 -13.64 -1.70
7 I, o= 1.0x107% 2. -.8 3.88 -1.17
Dpiioment ) Xa L.ox1 ¢ 00 e - 13
errors j Up, = 1.0x107% ¢ .02 1.17 .07 .89
9 fx, = .0x107% ¢/e -.51 23 -.60 .15
10 Lszq - 1.0X107% /i -.0k -.32 -18 .58
e {Rins 1 throush 10) 30.86 -ob, 57 53.61 -17.06
Uy iRuns 1 through | 37.02 28,54 67.07 14.98
°s |Runs 5 through 10| 7.50 L.7o 21.36 L.62
dz IRuns 1 throush 10 Ll he 33.26 83.43 19.60

N
1

sum 2

final

errors from initial condition and equipment errors
of final errors from initial condition errors
of final errors from equipment errors

of final errors from initial condition and equipment errors




TABLE VI.- FINAL ERRORZ T™OR TRAJECTORY I WITH ZERG OUTPUT FROM ACCELERCMEFERS ABCVE ATMCUPHIRL

F'inal errors

Run Brrors assumed Altitude, Range, Altitfic rato, Rarge ratc,

n&fd rg”ejd ) rE”oiv
km m 1072 xm/sec 1072
1 ’new = 5.0 km 6.70 -19.53 031,56 ol
2 Ini?igl roéen = 0.5 km -.05 .23 -.21 -.01
3 | condition {hem = 5.0x10™* km/sce -.88 1 61 1.47
4 kroéeo = 2.0x107% km/sec .21 -.27 L6 -.03
5 (0, = 2.0x10"% radian -1.06 BT -0.0 15
: 53 = 1.0X10°% radian/sec —23.62 16.65 -67.10 16
T | mquipment ) Uxg = 1.OX107% -.0k - -.18 -7
g errcrs < U, = 1.0x10-% v 1.45 -7 2.93 -.50
ux; = 1.0x107% o/¢ .04 -.31 _.06 -.63
10 A 1.0x107% g/g -6 Lok -.53 .15
*y (Runs 1 through 10) -17.71 -8 S .40
bz |Funs 1 through W] 7.8k 21.44 ol BL Lo
€y |Runs 5 throush 10| 26.67 19.36 73.72 2.76
dz |Runs 1 throuch 10! 34.51 40.50 985,56 .08
11 [Final err?rs from all initial condition 118.29 -5.00 BRI 6.50
and eguipment errors i

“Algebraic sum of Tinal errors from iaitial conditicn and equipment errors

éSum of absolute values of final errors from initial condition errors

Sum of sbsolute values of final errors from equipment errors

Sum of absolute values of final errors from initial condition and cauirment orrors
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Figure 2.- Time histories of trajectory variables for trajectory k.
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(a) Final altitude error versus initial altitude error.

Figure 5.- Error linearity.
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(b) Final altitude error versus initial range error.

Figure 5.- Concluded.
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(a) With respect to initial radius and with initial radius rate and range angle
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(b) With respect to initial radius rate and with initial radius and range angle
rate constant.
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(c) With respect to initial range angle rate and with initial radius and radius
rate constant.

Figure 10.- Partials of radius of perigee for an ellipse as functions of start
time using radius, radius rate, and range angle rate as variables.
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(a) With respect to initial radius and with initial velocity and flight-path

angle constant.
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(b) With respect to initial velocity and with initial radius and flight-path

angle constant.
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(c) With respect to initial flight-path angle and with initial radius and
velecity constant.

Figure 11.- Partials of radius of perigee for an ellipse as functions of time
using radius, velocity, and flight-path angle as varilables.
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